Nonlinear model of source of a elastic field. 
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A general description of the long-range elastic interaction is proposed. The far-field type of the 
interaction is determined by the way of symmetry breaking of the distribution of the elastic field 
produced by the topological defect as isolated inclusions. Every topological defect can be present as 
the source of the elastic field and can be described in the terms of this field. At the short distance 
the source can be described as nonlinear object which present charge of linear theory of elastic field 
at the far distance. In this article the nonlinear models of source of a elastic field was proposed. 

PACS numbers: 



In the general case we have the ground state of the 
continuum which can always be described in terms of 
the elastic field. In the ground state, this field has some 
definite value which does not depend on the point of the 
elastic continuum. The different fluctuation of elastic 
field which mean value is zero present the ground state 
too. The elastic field can be characterized by various 
geometrical objects, i.e., a scalar if this field describes 
the phase transition in a condensed matter, a vector po- 
tential in electrodynamics, a second-rank tensor in the 
general relativity etc. To consider the elastic field that 
determines this continuum, we have to describe possible 
deformations of the distribution of this field. The ba- 
sic concept is that in any system with broken continuous 
symmetry exist states in which the elastic variables de- 
scribe distortions of spatial configurations of the ground 
state. These distortions arise if the continuous symmetry 
of the elastic-field distribution is broken in a local area. 
The first way to break the continuous symmetry is to in- 
troduce a foreign inclusion in the elastic matter. Then 
the long-range interaction between inclusions is deter- 
mined by the symmetry of the deformation of the elastic 
field. This deformations are produced by the inclusions 
and interaction can be expressed in terms of the charac- 
teristics of this inclusion. In a system with broken contin- 
uous symmetry also can exist defects in the elastic-field 
distribution, i.e., the topological defects. Each topolog- 
ical defect has some core region, where the elastic-field 
distribution is strongly destroyed, and a far-field region 
where the elastic variable slowly changes in space. Both 
inclusions and topological defects are foreign to the elas- 
tic field and can not be described in terms of this field. 
Nevertheless they must have characteristics which influ- 
ence on the ground state of the elastic continuum. This 
characteristics determine the value and character of the 
deformation. Then the amount value of various elastic 
deformations can be associated with the effective inter- 
action between inclusions. In other words, the presence 
of the field deformation immediately leads to the inter- 
action. Such interaction did not need the carrier. 

Let us consider how the deformation of the elastic-field 
distribution can produce interaction of additional inclu- 
sions or topological singularities. We start with the de- 



scription of a scalar field with spatially uniform ground 
state. We have to describe probable deformations of the 
distribution of a scalar elastic field <^(V). With an ad- 
ditional inclusion being introduced in the elastic matter, 
we can write the action of this system in the form 



S = 




V <p(r 



(1) 



where the first term describes the deformation energy 
of the elastic field <p and the second term is responsible 
for the effect of this inclusion, located at the point r^, 
on the elastic field. Note that the inclusion must possess 
properties which influence on the elastic continuum. The 
first way to describe the interaction of inclusions is to 
obtain the change of the deformation energy produced 
by this additional inclusions. In the Fourier presentation 
ip( k ) = T^pj J d~r <{>(~r)exp(—i k r) we can rewrite the 

action in the k space in the form 
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In order to find probable configurations of the field ip we 
have to solve Euler-Lagrange (EL) equations with min- 
imum of action with regard to the boundary conditions 
on the inclusion. This equation is given by 



k 2 tp( k ) = 4-7T fiexp(—i k rt) 



(3) 



which corresponds equation Aip = —A-k /j in the real 
space. The solution of this equation yields the field dis- 
tribution in the form 



ip(k) 



_ 4?rV fi exp{-ikn) 



k 2 



(4) 



Taking this distribution of the field in action again, we 
can calculate the elastic-field deformation energy pro- 
duced by two inclusions: 
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fifj dk 
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(5) 
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Having integrated over k we obtain the interaction en- 
ergy of two inclusions in the standard form 



i,0 



(6) 



If we assume that the scalar field is the electrostatic 
potential and / is the charge, we obtain the energy 
of Coulumb-likc charge interaction through the defor- 
mation of the electric field. In order to take into ac- 
count the charge dispersion in the matter we have to 
describe the distribution of this field in the area of dis- 
persed charges. In this case, in this local area the sym- 
metry of the elastic-field distribution is different and 
<f(ri) — <p(~r) + (Pi V)^ - ^), where ~pl is the distance 
to a single charge and, having introduced the dipole mo- 
ment di = X^i^iPi) we can nn d the dipole-dipole inter- 
action in standard form. The symmetry of distribution 
of elastic field which produced by two inclusions is dif- 
ferent as symmetry of deformation of elastic field each 
inclusion. Two-particle system selects the solution which 
corresponds to the position and properties of these inclu- 
sions. 

Let us find this solution for a dynamical electromag- 
netic field. The action for electrodynamics may be writ- 
ten in the standard form, i.e., 



S = 



1 
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do. 
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where the Maxwell stress tensor F; 



*3 



dAj 
dxj 



is deter- 
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mined by the vector-potential A, and j is the current 
of charges. From the minimum of action, we obtain the 
field equations: 



An 

3i 



(8) 



For the gauge condition 4^- = in the four-dimensional 
Euclidean space, the equation became wave equation 
for Fourier-transformed vector potential Ai(k,u>) with 
right term j'j, whose solution can write as A{(k, ui) — 
4ircj t expi( k r +ut) ^ rpj^ gubg^itution of this solution into 
the expression for the action give the interaction energy 
of different currents in the standard form, i.e., 



(9) 



where G(q) is the Green function. For example using this 
equation one can describe the interaction of two charges 
which move with the velocity v. In this case the charge 
changes by the law e<5(r — v<). In accordance with the 
result [l[ , the Fourier component of the vector potential 
can be written as 



<y£>k = Aire 



exp(—i(k ■ v)i) 
k 2 - (^) 2 



(10) 



and 



47re vexp(— i(k ■ v)t) 

- k 2 _ (k_v )2 
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Having substituted this vector potential in the expression 
for the interaction energy we find that in the case v — 
we have the previous result. In the other case when jo = 
e(t)8(^r) yields the interaction energy in the form: 



L/(7V,M') = 



e 2 8{c{t~t')~{\-r - r'|)) 



(12) 



that reproduces the standard resultant interaction of 
variable charges. 

Same result we can obtain if describe the gravitation 
field and the appearance of the interaction of masses 
which produce the change of the geometry of space. The 
action of the gravitation field and distributed matter is 
given by the standard expression 



S = 



16ttG 



R^dn + - 



(13) 



where R is the curvature, T is the compression of the 
energy-momentum tensor with the metric tensor g^, f2 
is the space-time volume, and G gravitational constant. 
Minimization of this action yields the Einstein equation 



(14) 



For a distributed matter, the energy-momentum tensor 
can be written as Too = —mc 2 and the field equation 
reduces to i?oo — — ^Tbo- I n the linear approximation 

we have r 00 ^ -hdnn^mr = that nave as resm t 

[l[ Roo = — ^-fjr = ^ ^-Ayj. Thus we obtain the Poison 

equation Aip = AnGm. We substitute the solution of this 
equation in the expression for the action and thus obtain 
the interaction energy of the distributed matter in the 
form of the standard Newton law 



U 



Grriimj 



(15) 



This interaction energy has attractive nature by virtue 
of the specifics of gravitation filed which is described by 
the second-rank tensor. 

In Refs. @, @ the field equation in the empty space 
was written as 



R = 



(16) 



according to Einstein's statement that the geometry can 
not be mixed with matter. Solution of this equation for 
a continuum distribution of matter does not exist. How- 
ever, there exists a solution with a singular point in the 
distribution of matter. In this presentation we can ob- 
tain the same equation for the gravitational field. The 
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field equation determines the law of motion in terms of 
the integral of motion of the surface that surrounds this 
singularity. If we start from action 



S 



16ttG 



(17) 



for free gravitation field we can obtain the energy-impulse 
tensor as variational parameter which describe peculiar- 
ity in geometry Q- 

We illustrate this approach on presentation of charge 
in electrodynamic. We start from the action for free elec- 
trodynamics field in the standard form, i.e., 



s = - 



F tj F lj dtt 



(18) 



The variation of this action is follow 1] 



SS = - — 
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dxi 



(F ik 5A t ) \ dSl (19) 



At the standard approach the last term can be neglected 
because it can be reduced to the surface integral which 
disappear in a reason that disappear potential on the 
surface. But, if we have peculiarity in clastic field dis- 
tribution it is not correct. This surface integral is not 
zero on the surface of defects and on the surface of the 
area where exist the electrodynamic field. One can ob- 
tain this non zero term for the defects. For x k = xq = ct 
the general presentation take the form 



1 



_d_ 

dxi 



(F lk SA z ) \ dft 
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{VipSA} dV 
(20) 

This term can be rewritten in the other form in spherical 
coordinates 

— ( {\J ip8 A} r 2 drd cos 6 d<p = -- [ {\7ipSA}r 2 dr 

Aire J c J 

(21) 

If we take in to account that the solution for defect Vip = 
-%r, we can present the last presentation in the form 



i J {VipSA} r 2 dr = -- c J {k5A}dv 



(22) 
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kSA—d(ct) 
c I del 
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After this we must solve equation for elastic field 



dxj 



3i 



(26) 



The charge in electrodynamics, as well as the energy- 
momentum in the general relativity, is foreign with re- 
spect to the field and cannot be described in terms of 
either potentials or the geometry. For a system with 
broken continuous symmetry, we can consider a class of 
defects in the distribution of elastic field that are called 
the topological defects. A topological defect can play the 
role similar to a particle which changes the elastic field. 
In the general case, each topological defect has a core 
region, where the elastic-field distribution is strongly de- 
stroyed, and a far-field region where the elastic variable 
slowly varies in space. The boundary conditions are then 
determined by the conditions on the core of the defect. 
In this approach we can find the interaction energy of 
topological defects. We can start from action (1) with- 
out additional force /. The equation of minimum action 
in this case is given by the Euler-Lagrange equation 



A(p(~r) = 



(27) 



This equation has many solutions. The first solution, 
ip = or tp = const, is trivial and describes the ground 
state. The particular solution of this equation, compat- 
ible to the existence of a topological singularity, may be 
written as ip n = [mr n + kr~( n+1 ))Y n (6,<fi), and in the 
case n = we have a spherically symmetric solution 
(p = - where k may be interpreted as the magnitude 
of the topological charge. This solution can describe the 
singularity in the topological behavior of the scalar field. 
As a result, this solution has infinite eigenvalue, however 
the interaction energy of such topological charges is fi- 
nite. A superposition of two solutions for the scalar field, 
ifi^r) = (^ 1 (~r > ) + tp 2 (~r r ), which produce two topologi- 
cal charges and determine the interaction energy given 
by U mt = E(^(r) + ip 2 {r)) - E{y l {-?)) - E^C?)) 
yields 



Ui 



8n 



(Vip 1 )(W(f 2 )dT' 



(28) 



(23) 

For Xk — t we can obtain the other stream of energy 
through the surface 



- / {Vy'V! r ' 1 < h ' 1 



— j kSipdct 



Combining both obtaining part we can write in four di- 
mensional the additional part of the action for the elec- 
trodynamic field 



- ~ / ],)AdVdrl 



where d is the distance between the topological charges. 
This formula implies that two topological defects with 
signs in the clastic scalar field repel according to 
the Coloumb law. In a more rigorous approach Q the 
interaction energy of two defects in the two-dimensional 
have the same law. 

In order to understand that can present this topologi- 
cal defects return to action of distribution of scalar elastic 
field Eq 1 . We would like to have the linear theory outside 
the topological defects. But general theory can be non- 
linearity. The nonlinearity must play role only inside of 
the defect. For the defects description we can not use the 
standard theory with characteristic fi as function of local 
elastic field. In this case we can present fi — cap — ^bip 3 
when r < R, and where R is size of core of defect. In this 



(24) 



(25) 



4 



case inside the defect the equation can be present in the 
form 



A ip — aip + hip 3. 







(29) 



The solution of this equation is ip = (^j L )sech(y/ar) and 
it have noncorrect asymptotical behaviour. The standard 
approach of nonlinearity is not good to present particle 
as topological defect. In more realistic situation we can 
take the characteristic of defect fi as function of gradi- 
ent of local elastic field. Outside the defect we must have 
the previous result and can present the characteristic of 
defect fi in the form / = / — J2 n <*"n{Vip) n - This series 
must have only odd n. This correspond to the symmetry 
when states ip and — ip are equal. For this case the differ- 
ent equation for the action minimization can be obtained 

V(V^)-]T a„V {(V^)"- 1 } ^+5>„(l-n)(V^)"+/ = 

n n 

(30) 

In the case n = 1 we have the simple equation Aip = —f. 
In the case n = 3 we have the nonlinear equation 

V(V<p)(l - 6a 3 ipVip) - 2a 3 {Vip) 3 + / = (31) 

which have exactly solution ip = kri with k = A^ when 
the nonlinearity is greater than linear part. It is correct 
for the distance r < r = k 2 f~s. Outside this distance 
we have previous behavior of the solution of the nonlinear 
equation and standard presentation of the behaviour of 
the potential. Other way to describe defect can be realize 
if we take the characteristic of defect fi in the form fi — 
a8(r — r )ip where 6 - theta function, which is 1 at r < r 
and at r > ro where ro - size of the core. The action 
of the scalar elastic field take the form: 



S = 



1 

8^ 



V(~r)) 2 +a9{r- r )ip 2 \ d~r (32) 



The minimum of action realized on the equation 

{1 + a6ip 2 } + a6(Vip) 2 ip 2 + 2aS(r )(Vp) 2 ip 2 
In the area r > r a we have equation 

A^ + 2a^(r )(V^)2_ ro ^ =r . o= o 
that is similar the Poison equation with charge 

2a5(r o )(V<p) 2 r _ r y r=r0 
In the area inside the core we have the equation 
Aip {1 + a9ip 2 } + a6{Vip) 2 ip 2 = 



= 
(33) 

(34) 
(35) 
(36) 



which have the first integral (V<^) 2 {l + ap 2 } ■ The solu- 
tion of this equation with such first integral can be writ- 
ten in the form aip^J\ + a 2 ip 2 + In aip + \J\ + a 2 ip 2 = 



2ac which have the next asymptotic behaviour: if aip < 1 
ip s=y cr and vise versa if aip > 1 ip « (^f 1 )^ • The charge 
of particle tend to zero in the center of the core of de- 
fect. Outside the core we have the normal behavior of 
the elastic field. Nonlinearity in terms of the gradient of 
clastic field can solve problem of source of the one. 

In that way we can present the characteristic of defect 
or charge as nonlinearity formation which outside can 
be consider as defect in linear theory of elastic interac- 
tion. Every action determine elastic deformation which 
produce the topological defect. They can be only topo- 
logical singularities in the distribution of the elastic field. 
Interaction of these singularities is governed by the de- 
formation of the elastic field. The presentation of the 
particle as topological defect has two preferences. First 
of all, in this case we have the law of conservation of the 
topological charge and this not dependent on the nature 
of elastic field. Second, we can estimate the size of the 
particle as the core of this defect. The structure of this 
core is a structure of particle. Every core must have the 
energy mc 2 , where ra is mass of particle or core of the 
defect. In the process of arise of two particles must ap- 
pears two topological defect with different signs. In this 
case arise the energy of interaction between them. We 
can observe two particle only in the case when the dis- 
tance between them will be larger two sizes of core. In 

9 f 2 

the condition of equality of energy 2mc = ^ we ob- 

f 2 

tain that the size of core of size of particle R = • If 
/ is electric charge we obtained the size of electron, as 
elementary particle in the form 



R 



Amc 2 Amc 2 h 



—a\ 

4 



(37) 



a = ib- is constant of electric interaction and A = is 

he mc 

Compton length. The size of electron is the size of core 
of topological defect in electrostatic field and this size is 
smaller as Compton length in ~ 450 time. In the case of 
gravitation field 



R 



4 ml 



(38) 



where m p = (^) is Plank mass. The elementary particle 
in this presentation has not structure. 

Thus we obtain a general approach that makes pos- 
sible to explain well-known interaction modes for differ- 
ent cases by considering various types of local symme- 
try breaking. The local continuum symmetry breaking 
present the topological defect in elastic field. The inter- 
action between two defect have same form as interaction 
between inclusions. The defect in distribution of elastic 
field produce nonlinearity of behaviour of the elastic field. 
Nonlinearity of elastic field is motivation of appearance 
of the charge in electrodynamic and location of mass in 
general relativity. 



[1] L. D. Landau and E. M. Lifshiz Field theory Nauka, 
(1973). 

[2] M. G. Nikoladis, A. R.Baush, M. F. Hsu, A. D. Dinsmore, 
M. P. Brener, C. Gay and D. A. Weltz Nature 420 , 299, 
(2002). 

[3] T. C. Lubensky, D. Pettey, N. Currier and H. Stark. 



Phys.Rev.E, 57, 610 (1998). 
[4] B. S. DeWitt Physical. Report 19C , 295, (1975) 
[5] L. Infeld ,Rev. Mod. Phys. 29, 398, (1957). 
[6] L. Infeld ,Ann. of Physics, 6, 341, (1959). 
[7] A. Eddington, Theory of relativity ,(1938). 



